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Kinetics of Crystalline Nucleus Formation in Supercooled Liquid Tin'?
By Guy M. Pounp anD VicTor K. La MER

Oxide coated droplets of molten tim of a narrow size range were supercooled to 120° below their melting point of 232°.
The droplets were of the order of magnitude of 5 microns in diameter, and the specimens, which were studied by means of a
dilatometric technique, each consisted of several grams or about 10* of these droplets, This supercooling is 10° lower than
any result previously obtained, and indicates greater purity of the droplets with respect to second-phase impurities. Rate
of nucleation of crystals in the supercooled liquid droplets was measured dilatometrically as a function of temperature and
droplet size. The solidification rate increases rapidly with decrease in temperature and increase in droplet size. The nuclea-
tion process appears to be inhomogeneous, 4.¢., assisted by small particles of foreign solids randomly distributed among the
droplets, because of the marked decrease in reaction rate from the beginning to the end of a rate measurement. Application
of Poisson’s distribution function to the data shows that the nucleating impurities are present in the droplets in amounts
proportional to droplet area rather than volume, Two different theoretical equations for heterogeneous nucleation rate fit
the data. The following have been computed from the data: (a) minimum solid-liquid interfacial free energy for tin is 58.5
=+ 1 erg/em.? at 115°; (b) kinetic coefficient for heterogeneous nucleation is 3:103¢ cm. —% sec. ™! to within a power of 10.
Assuming a frequency factor RT/Nk, the theoretical kinetic coefficient for homogeneous nucleation is 3-10% cm. ~% sec. ~L
This agreement is thought to be fortuitous, and indicates that the kinetic coefficient is not a reliable criterion of homoge-

neous nucleation.

The purpose of this investigation was to study
the kinetics of formation of nuclei of the stable
crystalline phase in a supercooled liquid. Accord-
ing to the theory of nucleation, as developed by
Frenkel,® Volmer*® and Becker®” a nucleus or
stable aggregate of molecules of the stable phase
arises through stepwise addition of single molecules
to the embryo. These additions occur as statistical
fluctuations accompanied by an increase in free
energy of the unstable aggregate or embryo.

The thermodynamic aspects of this theory for
the simple case of homogeneous nucleation may be
concisely demonstrated and summarized by cal-
culating the free energy increase, AF¥, accompany-
ing the formation of a critical nucleus of stable
phase from the supersaturated medium, <.e.,
the free energy of activation of the phase trans-
formation process. In order to form an embryo
of any given size, assuming a spherical shape

AF = drrty + gws ]lil AFs (1)
where

r embryo radius .

interfacial free energy. This is taken as independ-
ent of embryo size for the present discussion

density of stable phase

molecular weight

the Gibbs free energy change per mole accompany-
ing the transformation from the uustable to the
stable bulk phase. This is taken as independent
of embryo size for the present discussion

p
M
AF

B

Differentiation with respect to » and solution for
the critical radius after equating to zero gives
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Substitution of (2) into (1) yields

167 M2y3
= 3o%(aFR)
the desired free energy of activation of the process.

Volmer and Flood® measured the critical super-
saturation pressure necessary for the spontaneous
production of fog at a given temperature for a
series of vapors by an adiabatic expansion method.
This measurement is closely related to the actual
nucleation rate. Their data are well described in
terms of directly measured properties of the sub-
stance by means of the kinetic treatment of Becker
and Doering.?

Very little significant quantitative work exists
relating to the nucleation kinetics of the trans-
formation supercooled liquid to crystalline solid.
Becker? has postulated the form of the rate equa-
tion to be

AF* (3)

AFB  AF*

k=Cexp(—W—W (4)

where
k = the specific rate constant
AF*p = the free energy of activation of diffusion in the

liquid-
AF* = defined as in Eq. (3)
C = the frequency factor, which remains unevaluated
k = the Boltzmaun constant

In an effort to obtain some quantitative data
regarding the kinetics of nucleation of crystals
in supersaturated liquids, a monodisperse aerosol
of supercooled liquid sulfur droplets 2 microns in
diameter was chilled in a glass coil immersed in a
cold bath®® The high purity of the liquid sulfur
droplets in this aerosol, their isolation from each
other, and the ease of counting the percentage of
droplets frozen by microscopic examination, should
make this preparation an ideal system for a kinetic
study. Also, due to the small size of the droplets,
the process of solidification should be rapid once a
stable nucleus had appeared within the super-
cooled liquid phase. This means that the rate
process measured should be essentially nucleation,
rather than growth. It can be demonstrated that

(8) M. Volmer and H. Flood, Z. physik. Chem., A170, 273 (1934).

(9) This work was carried out at the writers’ suggestion in collabora-

tion with Drs. George Ford and Robert Dinegar of this Laboratory.
(10) G. Ford and V. K. La Mer, TBIs JoUurNaAL, 73, 1959 (1950).
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this is the case by nucleating supercooled droplets
with powdered rhombic sulfur and observing the
rapid solidification.

However, even at temperatures as low as —45°
(melting point ~+120°), only a very small fraction
of the liquid sulfur droplets froze in an hour. At
temperatures lower than —45° the diffusivity
factor in the rate equation should completely
retard nucleation rate. Accordingly, the experi-
ments were abandoned. Nevertheless, two aspects
of this experiment are worthy of note: (1) Itisin
disagreement with the work of Gorskii'! and co-
workers in Russia who report a measurable nuclea-
tion rate in large supercooled liquid sulfur drops
at a temperature of ~50°. Presumably their
sulfur contained second-phase impurities which
served to nucleate the crystallization process.
(2) The ratio of degree of supercooling attained
without rapid freezing to melting temperature is
seen to be greater than that listed for many other
substances. !?

Vonnegut!® has described a promising dilato-
metric technique for measuring nucleation rate in a
system of supercooled liquid metal droplets. The
droplets are isolated from each other by a thin
oxide coating at their surfaces, and a pump oil 1s
used as the supporting fluid. The course of the
freezing process is followed by observing the lower-
ing of the dilatometer meniscus due to the shrinkage
of the metal on solidification. An advantage of this
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Fig. 1.—Attachment of dilatometer to vacuum system.
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technique is the ease with which the temperature
of the dilatometer can be controlled by means of a
thermostat bath. Vonnegut found that poly-
disperse tin droplets could be supercooled to about
125° (melting point 232°) before they froze rapidly,
that the rate of freezing increased very rapidly
with decrease in temperature, and that the rate
measurements for a given specimen were reproduci-
ble. Further, he found that the rate of the re-
action decreased sharply as the reaction proceeded.

Vonnegut recognized that the polydispersity of
his specimens rendered interpretation of the results
difficult. Polydispersity is of prime importance*
because the probability of occurrence of a nucleus
in a droplet of supercooled liquid should be propor-
tional to the third power of the droplet radius accord-
ing to nucleation theory. Accordingly, his tech-
nique was applied by us to nucleation rate measure-
ments on supercooled liquid tin droplets of carefully
controlled size. Such measurements may be used to
test various theoretical equations for nucleation rate
as applied to the transformation supercooled liquid
— solid, and to obtain information regarding inter-
facial free energy'®!*~17 between solid and liquid.
This is a most important factor in all proposed nucle-
ation rate equations (e.g., Equations (3) and (4)).
Solid-liquid interfacial free energy is a quantity that
is difficult to measure and few experimental values
are available.

II. Description of Experimental Work

A. General.—The isothermal rate at which a specimen
containing about 10 droplets (equivalent to about 7 g. or
1 cc.) of supercooled liquid tin froze was measured dilato-
metrically. These droplets were so small that crystalliza-
tion of a droplet was completed very rapidly once the crys-
talline nucleus had formed. The droplets were separated
from each other by a thin protective coating of tin oxide to
prevent interaction. The rates of nucleation were studied
at various constant degrees of supercooling, using droplets
whose radii were restricted to definite ranges of size. A
Roller air classifier was used in selecting the specimens from
relatively large amounts of polydisperse C.p. grade tin pow-
der.
Figure 1 shows a diagram of the apparatus employed.
The dilatometer was designed to permit efficient degasifica-
tion of the specimen and to provide good heat transmission
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Fig. 2.—Particle size analysis of the powdered tin specimens.
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Fig. 3.—Y% unfrozen vs. time for 2.5-5u tin droplets.
Specimen Rate
(experiment) Measurement . Oxidation Mass of tin Melting
No. No. Temp, °C. treatment specimen, g. treatment
25 1 124.2 Sub-normal 5.427 Normal
25 2 121.2 Sub-normal 5.427 Normal
25 3 117.9 Sub-normal 5.427 Normal
25 4 117.9 Sub-normal 5.427 Normal
25 5 113.0 Sub-normal 5.427 Normal
29 1 113.0 Sub-normal 5.230 Normal
29 2 113.9 Sub-normal 5.230 Normal
29 3 113.9 Sub-normal 5.230 Severe
29 4 114.6 Sub-normal 5.230 Normal
29 5 115.5 Sub-normal 5.230 Severe
30 1 115.5 Severe, also graphite added 7.491 Normal
30 2 124.2 Severe, also graphite added 7.491 Normal
30 3 121.2 Severe, also graphite added 7.491 Normal
30 4 117.9 Severe, also graphite added 7.491 Normal

for dissipation of the heat of solidification. About 7 g. of
oxide-coated solid tin spheres of the size ranges given in
Fig. 2 was placed in the dilatometer, and the system was
degassed at 170° for several hours. When the pressure re-
mained at approximately 107% mm., Octoil-S was distilled
into the dilatometer. Nitrogen was admitted at atmos-
pheric pressure to discourage bubble formation, and the
temperature of the silicone oil-bath surrounding the dila-
tometer was then raised to above the melting point of tin
(usually to 265°). The dilatometer was sealed off and im-
mersed in a constant temperature bath set at 100 to 120°
below the melting point of tin. The dilatometer was still
tilted in such a way that the oil covered the downspout to
the capillary so that no gas could enter the capillary during
the 2.5 minutes that was normally required for nearly com-
plete thermal equilibrium with the thermostat bath and
accompanying contraction of the oil in the reactor. After
this length of time, the dilatometer was righted to its normal
vertical position, the oil in the reservoir flowed away from
the top of the downspout, and the meniscus quickly de-
scended a short distance to the calibrated portion of the
capillary tube due to slight further thermal contraction.
The fall of the meniscus due to solidification shrinkage of the

metal was then recorded as a function of time. A set of
experimental results is shown in Fig. 3.

Since some of the specimen would freeze before the first
reading was taken, it was necessary to base the percentage
unfrozen at any time on the percentage remaining unfrozen
at the final reading in the rate measurement. To determine
this quantity, the dilatometer was removed from the thermo-
stat and chilled in cool air to solidify all of the tin. The
dilatometer was then returned to the thermostat bath.
The difference between the final reading in the rate measure-
ment and the reading at complete solidification permits cal-
culation of the percentage remaining unfrozen at the final
meniscus reading. The value of percentage unfrozen corre-
sponding to any previous meniscus reading can then be
computed.

To compute the percentage remaining unfrozen, it was
necessary to know the change in specific volume accom-
panying solidification of the tin. This quantity was meas-
ured by immersing a dilatometer of molten tin droplets in
the thermostat bath which was set at a temperature below
the freezing point but sufficiently high that the rate of
freezing was negligible (above 140°). The meniscus read-
ing was taken, and the dilatometer was removed from the
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Fig. 4.—Specific volume of tin as a function of temperature (Cohen and Olie, ref. 18.).
thermostat. After the specimen had been completely once thermal equilibrium had been reached at temperatures

frozen, the dilatometer was re-immersed in the thermostat
and the meniscus read. The difference between initial and
final readings in the thermostat, when referred to 1 g. of tin,
represents the specific volume decrease on solidification.
Cohen and Olie!8 have measured the specific volume of solid
tin as a function of temperature as represented in the lower
curve of Fig. 4. When our values for specific volume change
are added to this curve, one can plot the specific volume of
supercooled liquid tin as a function of temperature. Since
the experimental data plot linearly, a short extrapolation
into the region of rapid solidification is entirely justified.

B. Preparation of Tin Powders.—The tin powders used
were supplied by various companies, including the Metals
Disintegrating Company of Elizabeth, New Jersey, and
Eimer and Amend of New York. They are prepared by
forcing a mixture of air and molten tin of a C.p. grade through
a nozzle against a wheel with rotating blades. The par-
ticles are spherical and range in diameter from 1 to 30
microns. The analysis of the Eimer and Amend powder,
as given by Dr. W. A. Taebel of that company, is: arsenic
0.0005%; copper 0.005; iron 0.005; lead 0.05. The writ-
ers measured the stannic oxide content of this powder by
weight loss during hydrogenation and found it to be less
than 0.19%, even after oxidizing the surface in preparation
for a rate measurement.

Many tin powders were tried, but the Eimer and Amend
powder seemed to be the purest with respect to second-phase
impurities (e.g., Fe:O;) in that it was the most difficult to
freeze. Accordingly, quantities of this material were frac-
tionated in a Roller air classifier to give the size fraction in-
dicated in Fig. 2. The particle size distribution was obtained
by measuring hundreds of particles under a microscope.

The specimens were placed in a casserole, and heated in
an oven at 170° for half an hour in order to put a thin oxide
coating on the metal spheres.

C. Controls Employed to Check Results.—From control
experiments made on dilatometers filled only with oil, the
effect of drainage was found to be negligible. No further
change in the volume of the Octoil-S occurred with time
once thermal equilibrium had been reached (some 2.5 min-
utes after immersion in the thermostat). Also, no further
change of molten tin specimen plus oil occurred with time

(18) T, Cohen and J. Olie, Z. physik. Chem., 71, 385 (1910).

too high for appreciable nucleation rate (above 140°). A
similar statement is true for solid tin specimen plus oil at
temperatures below the melting point of tin. From these
facts, it is concluded that the volume changes observed were
due solely to solidification shrinkage of the tin specimens.

The small temperature variation of the thermostat bath
(control wasto £0.02°)and accompanying thertmal expansion
and contraction of the Octoil-S gave an uncertainty of 0.2
mm. in the reading of the meniscus. The total drop of the
meniscus during freezing of a 7-g. sample was about 30 mm.
using 1-mm. diameter capillaries. Accordingly, the per-
centage of the sample that remained unfrozen at any time
was known to about 3=1.5% on an absolute basis. Most of
the rate measurements were repeated at least once, and, i
general, the results were reproducible within the precision
measure of this experiment (+1.56%). It should be em-
phasized that in order to obtain the reproducibility of re-
sults at a given temperature that is indicated in the data of
Fig. 3, it was necessary to make the rate measurements at
almost exactly the same temperature (within 0.03°).

The same specimen could be used for several rate meas-
urements, 4.¢., until the experiment was no longer repro-
ducible and the freezing rate tended to increase with each
succeeding rate measurement. This ‘‘wearing out’ of a
specimen is thought to be due to a progressive flaking off of
the oxide coating from the small spheres of tin.

By reference to Fig. 3 and the accompanying key to the
data, the following experimental facts may be illustrated:
Specimens of different mass gave identical results when the
percentage unfrozen was plotted versus time, indicating that
dissipation of the heat of solidification was not a factor.
Varying the degree of superheating upon melting had no
effect on the results, indicating that no thermal history
effect was involved in the measurements. Varying the
severity of the oxidation treatment had no effect on the re-
sults. Neither did mixing the powdered tin with twice its
volume of finely divided graphite. This finding indicates
that the droplets were really independent of each other dur-
ing freezing.

III. Discussion of Results

A, Heterogeneous versus Homogeneous Nu-
cleation.—The isothermal rate measurement data
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for the 2.5-5 micron diam-
eter tin droplets are given
in Fig. 3, where loge of per
cent. remaining unfrozen is
plotted versus time. Lower-
ing the temperature from
124 to 113° produces a very
pronounced increase in the
rate of freezing. Elemen-
tary theory would predict
that the rate of solidifica-
tion should be first order.
However, inspection of the
data shows that the loga-
rithm of per cent. unfrozen
is not linear with time, but
exhibits marked curvature
with decreasing slope.

It does not seem possible
that the polydispersity in
these carefully fractionated
specimens is sufficient to ac-
count for failure of the first bl ]

UNFROZEN,

%

order rate law to hold. In s
this connection, 1t would be
very useful to know the de-
pendence of solidification
rate on droplet radius. The experimental isotherms
of Fig. 5 show that rate of solidification increases
with increase in droplet size, but the exact depen-
dence on radius is difficult to determine due to the
non-linearity of the plot. Nucleation theory pre-
dicts that the rate should vary as the cube of the
radius, and noting from Fig. 2 that the maximum
difference in droplet size 1s about twofold, the
largest droplets should freeze at a maximum of 8
times the rate of the smallest droplets. The change
in slope of the isotherms in Fig. 3 and 5 is much
greater than this.

A more plausible interpretation resides in the
assumption that the nucleation process is hetero-
geneous, Z.e., due to the presence of small particles
of solid foreign nuclei randomly distributed among
the tin droplets. There is much qualitative evi-
dence to support this view. It is well recognized
that to obtain maximum supercooling of liquids
they must be specially purified, and that the addi-
tion of foreign particles of almost any type cat-
alyzes the nucleation rate. For example, when
finely divided U.S.P. grade ferric oxide was mixed
with the solid tin spheres and the rate technique
repeated, it was found that less than 50° of super-
caoling could be attained.

As discussed in the section on Description of
Experimental Work, a thin film of oxide was pro-
duced on the tin spheres to prevent their coalescence
on melting. In a search for such substances, the
writers found that powdered graphite was an almost
unique material in that it did not catalyze the
nucleation rate. Hence, it has been used as an
alternative protective film to augment the action
of the stannic oxide film. This had no effect on the
rate of solidification. Neither did varying the
severity of the oxidation treatment. Accordingly,
it is believed that there was no appreciable inter-
nucleation of the droplets, Further important
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Fig. 5—9% unfrozen vs. time, for tin droplets of various sizes, temp., 117.9°.

evidence for the non-interaction of the droplets
are the facts that the rate measurements on a given
specimen were reproducible and that the particle
size analysis was unchanged by the rate technique.

The hypothesis of heterogeneous nucleation by
solid foreign impurities is consistent with the data
in Fig. 3. For example, those droplets containing
the larger number of more effective foreign nuclei
will solidify first and thus yield a rapid initial rate.
As these droplets are depleted, leaving the droplets
that are relatively free of foreign nuclei or contain
only less active foreign nuclei, the rate will fall off.

As discussed in Appendix A and illustrated by
Fig. 10 and 11, the data are fitted reasonably well
by a formula derived by Professor G. E. Kimball,
who applied the Poisson distribution function to
the problem of random distribution of small par-
ticles of foreign impurities among the large number
of tin droplets. This result further substantiates
the hypothesis of heterogeneous nucleation. Also,
application of this formula to the data of Fig. 5
indicates that the number of foreign nuclei per
droplet is more nearly proportional to the droplet
surface area than to the volume.?®

B. Fitting an Equation to the Data.—As developed in
Appendix B and summarized in Fig. 6, three equations, each
based on a different mechanism, are proposed to describe
the activational free energy of a heterogeneous nucleation
process as a function of temperature. It would be desirable
to see which of these equations fits the data, and from this
deduce the mechanism of the process. Unfortunately, both
Frenkel’s and Volmer’s equations cain be made to fit the
data. Further, it is seen that if the term § in the equation
proposed by the writers were sufficiently small, their equa-
tion would reduce to the equation for homogeneous nuclea-
tion, which is sufficiently similar to Volmer’s equation that it
describes the data. Accordingly, on the basis of the present
data, one can neither decide which proposed mechanism for

heterogeneous nucleation is actually operating nor eliminate
any one of them as a possibility. One probable reason for

(19) The authors are indebted to Drs. F. C. Frank and David Turn-
bull for pointing out the importance of this result.
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(I}  General rate equation. k= Ga‘"wT where
o lETIMEY? k= specific rate constant
{2) Far homogeneous nucleation: AF'= ?eTA_F?_ C = frequency factor
s AF* = activational free energy
k' = Boltzmann’s constant = R/N
(3)  Frenkel (3): me? T" = absolute temperature
(N -1s
aF = ~ebFo Substituting (3) into (5), and taking
m + (¥s, 85 + ¥s, L, 85,‘ ) e sum?ésec-shoped nucless  logarithnis
Where A = molecular diameter Ink=1InC— (16rM2¥3spLr/3k Tp?AFE)

s = circumferential tension of disc
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Fig. 6.—Tleoretical equations proposed for description of heterogeneous uu-

cleation (see Appendix B).

this state of affairs is that the data had to be taken over a
very short temperature range (about 10°) because the nu-
cleation rate increased from a value that was too low to
measure to one that was immeasurably high upon decreas-
ing the temperature 10°. Accordingly, the data do not pro-
vide a rigorous test of the equations. How-

(6)

All of the quantities on the right side of
(6) are relatively independent of tem-
perature except AFp, which is known as
a function of temperature (Fig. 7). Ac-
cordingly, if an equation of this form de-
scribes the data, a plot of In & versus
1/AFLT should give a straight line.
Such a plot is given in Fig. 8. Reason-
ably goord straight lines are obtained.
The values of ‘“first order’’ reaction rate
coustant k for a given line in Fig. 8 were
obtained by taking slopes of the experi-
mnental isotherms in Fig. 3 at a constant
fraction remaining unfrozen. As dis-
cussed in Part A of this section, the data
of Fig. 3 do not represent a first order
reaction. However, if one assunies that
tlie same droplets with whatever nucleat-
ing impurities they may contaiiu are in
the process of isothermal solidification at
a given fraction of tin remaining uufrozeu
regardless of the temperature of the process, theu one niay
approximate the rate constants of this sinall portion of the
specimen as a function of temperature by taking the slopes
of the isotherms in Fig. 3 at the specified fractiou remmaining
unfrozen. The extent of this small portion is soinewhat

Hemispherical nucleus

Foreign core

ever, it should be pointed out that the Frenkel
equation involves one more empirical constant
than the Volmer equation, and therefore the
data probably provide a more severe test for
the Volmer equation. [-

The constants of the Frenkel equation which 400
can be evaluated from the data, Z.e., s and
(YSaSs -+ YSeLB — 7YSaLs), are relatively un-
interesting from a theoretical point of view.
A similar statement is true for (2YssZz +
YSASB—7YSALp) as obtained from an application
of Volmer’s equation to the data. A much
more interesting quantity to evaluate would be
YSsLB, the interfacial free energy between solid
and liquid tin.

This quantity occurs in the expression for
AF*, the activational free energy for homoge-
neous nucleation. Now the nucleation process 100
at hand is not homogeneous, but it is seen that
the expression for AF* is similar in form to that
for AF’* in Volmer’s equation for heterogeneous
nucleation. In fact, it is evident that the
equation for homogeneous nucleation could

300
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also be used to correlate the data, If this were 100
done, a value for Yssgzp would be obtained
which would not be the true value. But it
would still be significant in that it would be a
minimum value, 7.e., the actual value of YSprp
could be no lower than this figure obtained from
ananalysis of the heterogeneous nucleation data.

To illustrate this information, the following outline of a
method?—22 for applying the expression for homogeneous
nucleation (Eq. 3) to the data is presented.

The rate equation may be taken as

B = Ce—AF*/R'T ()
(20) This calculation was performed independently by the writers in
1948 in an analysis of Vonuegut’s data.!®
(21) D. Turnbull, J. Chem. Phys., 18, 768 (1950).
(22) D. Turnbull, “Isothermal Rate of Solidification of Aggregates
of Mercnry Dropleta” (to be puhlished).

120 140 160 180 200 220 240
TEMPERATURE, °C.

Fig. 7.—Calculated bulk free energy change for the transformation super-
cooled liquid — white tin.
88,479, (1914);

Based ondataof: Bronsted, Z. physik, Chem.,
Kelley, Bur. of Mines Bull., 383 (1936).

indefinite, for solidification of droplets immediately above
and below the specified fraction remaining unfrozen will cou-
tribute to the shape of the curve where the slope is being
measured. Therefore, the reaction rate constant as deter-
mined by taking the slope at a specified fraction remaining
unfrozen represents some sort of an average value for a
range of sizes of droplets which contain various inipurities.

There are some specific sources of error in this method of
determining k. In the first place, a certain amount of error
arises in measuring the slope of the isotherm. Also, the
shape of the isotherm itself is sensitive to small changes in
temperature. This uncertainty would manifest itself as



May 5, 1952

error in the value for the slope. The magnitude of these
errors is difficult to evaluate, but it is believed that the cor-
relation given in Fig. 8 is probably as good as could be ex-
pected.

The slope of a line in Fig. 8 is ( —16xM?Y3ssLn/3k p2).
Hence, YSszp can be computed directly from the slope as
measured from this plot by multiplying by —3k/p2/167x M2
and taking the cube root. As explained above, this valite
for Ysgrp will be a minimum value. Using the value of
the slope and the value of In % at a given temperature,
In C can be computed from (6).2* The units of the frequency
factor C are min.~!, It would be interesting to express
the nucleation rate in terms of number of crystalline nuclei
forpled per second per cc. of supercooled liquid tin, i.e., in
u;njcs‘of the kinetic coefficient C’. This may be doue by
dividing C by 60 and multiplying by the number of tin drop-
lets per cc. of supercooled liquid tin. The latter number
can be estimated using a value for average droplet diameter
taken from Fig. 2. The result of this computation is
somewhat artificial in that the nucleation occurs at the
surface of a catalytic body rather than in the volume of
the liquid by a homogeneous mechanism. However, the
computation must be done in this way to provide a nu-
merical comparison with the predictions of homogeneous nu-
cleation theory.

It is also of interest to compute the size of a stable nu-
cleus in homogeneous nucleation from Eq. (2) using the
value for Ysgip computed from the data. Actually, this
will_be a minimum size, because the value of Ysgrp is a
minimum value.

C. Calculated Results.—The more important
assumptions in this calculation may be sum-
marized as follows: (1) The reaction rate con-
stant £ may be evaluated by taking slopes of the
isotherms of Fig. 3.

(2) As mentioned in the Introduction and
Appendix B, it is assumed that the molar bulk free
energy change accompanying the formation of a
nucleus and the solid-liquid interfacial free energy
are independent of nucleus size. This assumption
is probably not exactly true,?* but nucleation data
from condensation in supersaturated vapors in-
dicates that the decrease 1n these values with de-
crease in nucleus size is probably small. 42

(3) The nuclei in homogeneous nucleation are
spherical in shape. This assumption is undoubt-
edly wrong, but the difference in area between the
surface of a sphere and the more probable many-
sided polyhedron is small.®

The calculated results are summarized in Table
I. Referring to Fig. 8 which was explained in the
preceding section, it is seen that the slope increases
as one goes to lines representing smaller percentages
remaining unfrozen. This is reasonable because
the portion that is more difficult to freeze should
have the higher activational free energy. This
tendency is reflected in the increasing value of
YSsLp minimum with decrease in percentage re-
maining unfrozen as indicated in Table I. There
is, as yet, no other method, experimental or theo-
retical, for determining ¥ SsLz.

The increase in kinetic coefficient with decrease

(23) Notice that the same value for C will be obtained whether one
uses the expression for homogeneous nucleation (the writers’ expression
for heterogeneous nucleation may reduce to this form) or Volmer’s
equation for heterogeneous nucleation. The value of C calculated
here applies to the case of Volmer’s or the writers’ mechanism for het-
erogeneous nucleation.

(24) J. G. Kirkwood and F. P. Buff, J, Chem. Phys., 1T, 338 (1949).

(25) Other free energy requirements for activation have been sug-
gested in a private communication from Dr. W. H. Rodebush, These
atre not yet evaluated and are probably small,

(26) I. N. Stranski and R. Kaischew, 2. physik, Chem,, B26, 81,
114, 312 (1984); Physik. Z., 86, 393 (1933).
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Fig. 8 —Logarithm of reaction rate constant wversus

1/(AFB)!T. (k evaluated by taking slopes from Fig. 3 at a
specific fraction remaining unfrozen.)
TasLe I
REeSULTS CALCULATED FROM DATA FOR 2.5-5-MICRON TIN
DrorLETS
Minimum Kinetic Minimum nucleus size
solid-liquid coefficient for homogeneous
interfacial cc."lsee, "t for  nucleation at 113.0°
Unfrozen, {ree energy, heterogeneous No. tin
% ergs/cm,? nucieati_on“ Radius, 4. atoms
80 57.2 1 11.4 232
70 58.1 1 11.6 243
50 58.3 30 11.7 245
40 58.9 100 11.8 253

2 These apply to either Volmer’s or the writers’ mecha-
nism for heterogeneous nucleation.

in percentage remaining unfrozen is anomalous.
The variation is believed to be beyond the precision
of the method. It is of interest to compare the
value for the kinetic coefficient of this heterogene-
ous nucleation process with that predicted by
Turnbull and Fisher?” for homogeneous nucleation
in supercooled liquids. Their expression is

, .
C = n]e—hze—AFB/k’T N

where

c’ = kinetic coefficient in sec.™! cc.1

n = number of atoms/cc. supercooled liquid

k’ = Boltzmann’s constant

2 = Planck’s constant .

AFj = free energy of activation of diffusion in the liquid

It is customary to assume that —AF$ =2 2’7, and

hence that e=2F5/F'T =~ 1/3 =~ 1. For the case
of supercooled liquid tin, C’ assumes by this method

(27) D. Turnbull and J. C, Fisher, J, Chem. Phys., 17, 71 (1049).
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a value 3 X 10% cc.~! sec.—!. The agreement with
the value computed from the data is probably for-
tuitous. This does not necessarily mean that (7)
would be inapplicable to the case of homogeneous
nucleation of supercooled liquid tin. The point
here is that the kinetic coefficient is not a reliable
criterion of homogeneous nucleation.

If one computes the experimental kinetic coef-
ficient on the basis that the droplets are nucleated
by impurities covering the surfaces, one gets ap-
proximately 10% cm.=? sec.™! at 509, unfrozen.
Assuming that the theoretical kinetic coefficient for
heterogeneous nucleation is given by an expression
analogous to (7) in which # is taken to mean the
number of atoms per cm.? in contact with the cata-
lyzing foreign impurity,?8 the theoretical C’ becomes
approximately 10% cm.~2 sec.™!. Thus, it is pos-
sible that the Turnbull expression® for kinetic
coefficient in heterogeneous nucleation may satis-
factorily describe the data.

Appendix

A. Application of the Poisson Distribution Function to
the Data.®—QOn the basis of qualitative experimental re-
sults, it has been shown (Discussion of Results) that nu-
cleation of the crystalline phase in supercooled liquid tin
droplets is heterogeneous. The nucleation is thought to be
accomplished by small particles of solid impurities randomly
distributed among the large number of tin droplets. Pro-
fessor G. E. Kimball has pointed out that if this hypothesis
is correct, it should be possible to describe the data of Figs.
3 and 5 by means of a relationship derived with the aid of
the Poisson distribution function. His derivation of
Eqgs. (8) to (13) follows: Let

Ny = number of droplets of supercooled liquid present
initially
N number of droplets unfrozen at time ¢
m arithmetic average number of foreign nuélei or centers
per droplet (that are active at the temperature T of
interest)

]

In time df, the probability that any one active center nu-
cleates is £ d¢, where % is the first order rate constant in
min,"1, If the droplet has p active centers, the probability
that 1t will be unfrozen at timefise—?*. Thisassumes that
all centers active at this temperature are equally effective as
nucleatmg agents and that they act independently. As-
suming that the Poisson function is applicable to the dis-
tribution of the active cenrters among the droplets, the num-
ber of droplets with p centers is

No(mrpe=m/pl)
The number at time ¢ that are unfrozen and contain active

centers is
«©
No 3
p=1
The probability that a droplet with no active centers
freezes in time df is kedt, where ko is the first order rate con-
stant for homogeneous nucleation. Thus, considermg the
homogeneous nucleation rate, the probablllty of a droplet
remaining unfrozen at time ¢ is e7%¢. The number of drop-
lets without active centers is Nye~™. The number at time
¢ that are unfrozen and are without active centers is Nye -
ek, This assumes that all the droplets are of the same
size. Accordingly

N = Nee~me~kt - N E
=1
Changing the summation fromp = 1top =0

Do =M
me P2

mPe—™

e—pkt (8)

mPe—™

«©
N = Nee=m(e7*t — 1) + Ny 3.
=0
(28) D. Turnbull, J. Applied Phys., 21, 1022 (1950),
(29) Appendix A is based on private communications from Profes.
sors G. E. Kimball and R. 8. Halford of Columbia University.

e~PH (9)
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Since

©

mPe ~pkt o~ (tne "k
> = E e ) = exp (me M)
p=0 =0

N = Noe""(e"‘O‘ - 1)+ Noe"" exp (me=*) (10)

If the self-nucleation rate is negligible (ko nearly zero), the
first term vanishes. Then

N = Npexp [—m (1 — e7H)]
Cousidering the liniiting cases, for bt << 1
N = Nyg—mht (12)

am

For kt >> 1
= Ne™™

These relationships are illustrated in Fig. 9.

(13)

2.0
fg _=mk
Initial slope= =23

Logo %
ynfrozen

Drift if ko # 0, due
to self nucleation

A
m
2-53 \
Time.
Fig. 9.—Illustrating equations 10, 11, 12 and 13, Appendix
A,

In order to fit these equations to the data, it is desirable
to know whether self-nucleation can be neglected or not.
The most certain way of determining this would be to con-
duct rate measurements that extend over a long period of
time, but this method is not practical due to the difficulty
of maintaining a constant temperature in the thermostat
bath. Professor R. S. Halford has suggested that a se-
quential analysis plot of the type shown in Fig. 10 should be
helpful. There it is seen that the slopes of the experimental
curves approach a very low value with time.

Accordingly Eq. (11) was chosen to be fitted to the data.
Results for typical data are shown in Fig, 11, Itisseen that
a reasonably good fit is obtained. Probably a somewhat
better fit of the 113.0° experimental curve would have re-
sulted if a small self-nucleation term had been included in
the equation.

The experimental conditions do not quite meet all of the
requirements of this theory. In the first place, the drop-
lets are not precisely monodisperse. Secondly, all centers
active at a given temperature are probably not equally
effective as nucleating agents. For example, foreign nuclei
that are active at a given temperature should be even more
active at a lower temperature, so that nucleation rate data
taken at the lower temperature should be the result of nuclei
active at higher temperatures as well as nuclei that have just
become active at the lower temperature. This should be
particularly true of the earlier parts of the rate measure-
ment. Accordingly the rate constant k2 is probably some
sort of average value for many kinds of nuclei.

Nevertheless, the fact that the data are fitted fairly well
by the theoretical equation indicates that the hypothesis of
heterogeneous nucleation by randomly distributed impurity
particles is at least consistent with experimental results.

It would be very desirable if the rate constants obtained
by application of this theory to the data could be used to
compute activational free energies. However, we feel that
this is not justified, because by this procedure one considers
the effect of different foreign nuclei at different temperatures.
Actually, one should consider the effect of the same foreign
nuclei at different temperatures. For this purpose, we
prefer the method outlined in the Discussion of Results.

The present analysis also gives some insight into the man-
ner in which foreign catalytic bodies are distributed among
the droplets. Applying Eq. (13) to the data of Fig. 5, one
finds that m is more nearly proportional to droplet surface
area than to volume. This indicates that the droplets are



May 5, 1952

KiINETICS OF CRYSTALLINE NUCLEUS FORMATION IN SUPERCOOLED Liguip Tmv

2331

0.875r"

0750

Q625

-1

Xp—X,

VALUES PLOTTED FROM CURVES

Q375— FOR 2.5—5 . TIN FIGURE 3
[+]
Q250—
0125
0»_LI A T S [ O O el s OO s A N O A N Il N O W |
0 10 20 30 40 50 60 70 80 90 100 KO 120 BO K40 150 160 I70 180 190 200 20 220 230 240 250 260

Average Time (minutes)

httto+h

Xy - X Xy — X,
Fig. 10.—Plot of : = Ll % ete. o
o~k b~ bk

2

2

fatt .
2

,ete.; X = 9 remaining unfrozen; ; = time in minutes;

O, slopes at 117.9°: @, slopes at 114.6°; X, slopes at 113.0°,

30—

9% Unfrozen.

———

121.2°

e e Pt v SRRy

e e Kimball Formula=lag »o% Unfrozen = 2=

M (1~a-kt
230 )

at 113.0°C., m#2.0,k=0.024
At 121.2°C.,m= 0.2 ks 0.016
tsAbcissg=2

10 I | {1 ! [ " ] [ 14 ] L1 | | S |
[¢] 20 40 60 80 100 120 140 160 180 200 220 240 260 280
Minutes.

Fig. 11.—9%, unfrozen vs. time for 2.5~-54 tin droplets, comparison of the Kimball formula with experimental data.

probably nucleated by solid foreign impurities at their sur-
faces.

B. Thermodynamic Theory of a Mechanism for Hetero-
geneous Nucleation.—The specific rate constant of many
physico-chemical processes can be expressed by an equation

of the form
E = Ce—AF*/k't (14)

In ordinary chemical kinetics studies, AF* is not strongly de-
pendent on temperature, and this equation can be used di-
rectly to interpret the data. However, in phase transition
kinetics, AF* is generally a strong function of temperature
so that AF* in Eq. (14) must be given more explicitly in
terms of temperature if the equation is to be useful in corre-
lating experimental information. In general, a unique
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formula for AF* may be derived for the case of each mechan-
ism assumed for the nucleation process. This provides a
possible method for determining the mechanism.

The object of this section is to suggest a mechanism for
heterogeneous nucleation and supply the appropriate expres-
sion for the activational free energy. In the following, one
may consider that the process is the seediug of a supercooled
liquid to form the stable crystalline phase.

Assume that the foreign solid body is smaller than that of
a stable nucleus spontaneously formed without the assist-
ance of foreign nuclei. This is the case of crystallization on
cxtremely fine colloidal powders. Assuine spherical shapes
and no effect of nucleus size 11pon either interfacial free ener-
gies or molar bulk free energy changes accompanying the
transformation.

Let
¥o = foreign seed radius
¥ = radius of aggregate containing foreign core
AF’ = free energy of formation of the aggregate
AFp = molar bulk free energy change
p = density of deposited phase
A = molecular weight
YsaLs = iuterfacial free energy, foreign nucleus to erystal
YSeLp = interfacial free energy, crystal to liquid
YSsLs = interfacial free energy, foreign nucleus to liquid
" = critical radius of aggregate containing foreign core
AF'* = free eunergy of activation for nucleus forniation

The free energy of formation of such an aggregate contain-
ing a foreign core is

AF’ = 4nr§(YSaSe — YSals) -+ 4rr'*¥SsLp -+
LEY).

4r §: =
= (r ré 7 (15)
Maximiziug AF’, holdiug 7, constaut
QAF’ drr' *2pAF| .
=57 =0= 8rr'* YSpLp + ___ﬁ_.J (16)
r*
|
| Without foreign
| nuclei
——————————— +
|

i ihe AF™ for

|

: nucleation on a

i ftat foreign surface
|

I

|

AF'™

is sufficiently low

fo-
Fig. 12.-—Plot of equation 18, Appendix B, for a case where
aQ

Vsuin>| (Ysals — 75‘ALB)‘>‘§75BLH.
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yF = —27SBLBﬂ;[/'pAFB
AF'™ = 4rrd(Y5aSp — YSalp) +
1673 2Y3Ss LB 4mpAFpr
3p2AFg2  3M
Tlie corresponding quantity in the absence of foreign nuclei
is given by Eq. (3).

Comparing (18) with (3), we see that AF’* may be ex.
pressed in the form

an

(18)

AF'* = AF* 4+ 5 (19)

where

8 = 4mr{(YSaSB — YSaLe) — dmpAFprd/330  (20)
With reference to Fig. 6, the temperature dependency of
AF'* is found to be unique. If this formula is to have any
experimental significance, § will be negative.

The next step in this development is to consider the de-
pendency of activational free energy upon the radius 7, of
the foreign seed. A physical picture of the effect of varying
ro may be obtained with reference to Eq. (18), by consider-
ing that the free energy chauge due to creation of the seed-
crystal interface is negative and proportional to 72 while
the negative bulk free energy change that is nof obtained
due to the existence of the foreign core is proportional to
3. Obviously, there is a value for », = r§ which corre-
spouds to a minimum value for AF’* = AF'** and a maxi-
mum nucleation rate. This can be calculated by minimizing

8.
98 %2
CLA . 8m(YSasp — YSaLe)rd — Snpd Fpri® (21)
OVU .1[
« _ + 2(VYsasp — Ysarp)IM
ry = oA Fs (22)
16702
¥ = S,1AFpt (YSaS — YSaLp)? (23)
. 167 M2
A EE o * ¥ oo ZOTAET g Y -
AF AF* + 8 3275 Fgt [Y3spLB + (VSaSs
YsaLe)®] (24)

If 5 = 0, rate of nucleation on the foreign seeds would be
comparable with normal honiogeneous nucleation rate.
Expressing this as
4rpAFB /e

3 0

6 =0 = 4mr§(YSaSB — YSalp) — (25)

3M(V5sSB — YSaLs)
= 2
Yo 2AFp (26)
Comparing (26) with (22), we see that an increase in 7y of
509, decreases heterogeneous nucleation rate from its maxi-
mum to a negligible value. Considering equations (26),
(22) and (2), we may illustrate this as in Fig. 12.
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